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Outline

• GR(1) specifications & synthesis

• “End-to-end” verification in this context

• SPARK for end-to-end verification of synthesized GR(1) designs

• Case study: Multi-vehicle controller

• Results on a corpus of GR(1) specifications

• Summary: lessons learned & future work
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GR(1) Specifications 
& Synthesis
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GR(1) Specifications
• GR(1) or Generalized Reactivity(1) specifications
• Describe reactive systems that respond to an environment
• Subset of linear temporal logic
•

• Interpreted as two-player game between system & environment
•
•

• Are “realizable” if system strategy/design exists such that
•
•

•

(QYLURQPHQW e JRHV ILUVW� FRQWUROV ´LQSXWµ YDULDEOHV IURP VHW I
6\VWHP s JRHV VHFRQG� FRQWUROV ´RXWSXWµ YDULDEOHV IURP VHW O

*HQHUDO IRUP� ϕe → ϕs

6\VWHP FDQ VDWLVI\ ϕs DIWHU HDFK VWHS HQYLURQPHQW VDWLVILHV ϕe

(QYLURQPHQW LV IRUFHG WR YLRODWH ϕe

5HVXOW LV ´FRQWUROOHUµ ZLWK VWDWHV S HQFRGLQJ VWUDWHJ\�GHVLJQ c : S × ΣI "→ S × ΣO
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GR(1) Specifications as Properties

ϕe
i � ϕs

i � ,QLWLDO � %RROHDQ IRUPXODV RYHU I 	 O� UHVSHFWLYHO\

ϕe
t � ϕs

t � 7UDQVLWLRQ �
∧

j∈J !Bj� ZKHUH HDFK Bj LV D %RROHDQ IRUPXOD RYHU
• 9DULDEOHV IURP I ∪O
• ([SUHVVLRQV !v� ZKHUH v ∈ I IRU ϕe

t 	 v ∈ I ∪O IRU ϕs
t

ϕe
l � ϕs

l � /LYHQHVV �
∧

j∈J !♦Bj� ZKHUH HDFK Bj LV D %RROHDQ IRUPXOD RYHU I ∪O

Property term definitions

'e
i ^ 'e

t ^ 'e
l ! 's

i ^ 's
t ^ 's

l

Temporal operators

ϕe 	 ϕs HDFK EURNHQ LQWR LQLWLDO� WUDQVLWLRQ� 	 OLYHQHVV SURSHUW\ WHUPV

© ² ´QH[Wµ !♦ ² ´DOZD\V HYHQWXDOO\µ! ² ´DOZD\Vµ
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GR(1) Example
• Consider a traffic light 

• Input: “tick”
• Outputs: “red,” “yellow,” “green”
• Output changes when “tick” is true, stays 

the same when “tick” is false
• Ex. 1: red, red, red, …
• Ex. 2: red, yellow, green, red, …
• Ex. 3: red, red, yellow, yellow, green, 

green, …

• System transition properties

's
l = ⇤⌃green

<latexit sha1_base64="6ibnWeguhDepicVWrGrsx0WIEgU=">AAACD3icbVBNS8NAEN34WetX1KOXxaJ4KkkV7EUoePFYwX5AE8tmO02XbjZxd1Ooof/Ai3/FiwdFvHr15r8xaXPQ1gcDj/dmmJnnRZwpbVnfxtLyyuraemGjuLm1vbNr7u03VRhLCg0a8lC2PaKAMwENzTSHdiSBBB6Hlje8yvzWCKRiobjV4wjcgPiC9RklOpW65okzIjIasDvV5fgSY0fdx0QCdnj4AMIH7EsAUeyaJatsTYEXiZ2TEspR75pfTi+kcQBCU06U6thWpN2ESM0oh0nRiRVEhA6JD52UChKAcpPpPxN8nCo93A9lWkLjqfp7IiGBUuPASzsDogdq3svE/7xOrPtVN2EiijUIOlvUjznWIc7CwT0mgWo+TgmhkqW3YjogklCdRpiFYM+/vEialbJ9Vq7cnJdq1TyOAjpER+gU2egC1dA1qqMGougRPaNX9GY8GS/Gu/Exa10y8pkD9AfG5w/Qt5vY</latexit>

's
i = red ^ ¬yellow ^ ¬green

<latexit sha1_base64="KNo3j+Zn2AxClHG3JmW6ilthdtQ=">AAACIHicbVDLSgMxFM34rPU16tJNsAiuykwV2o1QcOOygn1AW0smc6cNzSRDkqmUoZ/ixl9x40IR3enXONN2YVsP3MvhnHtJ7vEizrRxnG9rbX1jc2s7t5Pf3ds/OLSPjhtaxopCnUouVcsjGjgTUDfMcGhFCkjocWh6w5vMb45AaSbFvRlH0A1JX7CAUWJSqWeXOyOiogF70D2Gr7ECH3c4EVkX0uAxcC4fF6S+AhD5nl1wis4UeJW4c1JAc9R69lfHlzQOQRjKidZt14lMNyHKMMphku/EGiJCh6QP7ZQKEoLuJtMDJ/g8VXwcSJWWMHiq/t1ISKj1OPTSyZCYgV72MvE/rx2boNJNmIhiA4LOHgpijo3EWVrYZwqo4eOUEKpY+ldMB0QRatJMsxDc5ZNXSaNUdC+LpburQrUyjyOHTtEZukAuKqMqukU1VEcUPaEX9IberWfr1fqwPmeja9Z85wQtwPr5Ba6YoqE=</latexit>

• System initial & liveness properties

⇤� ((red ^ ¬yellow ^ ¬green) _
(¬red ^ yellow ^ ¬green) _
(¬red ^ ¬yellow ^ green)) ^

<latexit sha1_base64="0a8r630/gruxEA2lMZ2hUQp/yVo="></latexit>

't
s =

<latexit sha1_base64="mS29g9BZVEMovjNBgEH+mY38DfY=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexGUS9CwIvHCOYBySbMTmaTIbMPZnojIeQ/vHhQxKv/4s2/cTbZgyYWNBRV3XR3ebEUGm3728qtrW9sbuW3Czu7e/sHxcOjho4SxXidRTJSLY9qLkXI6yhQ8lasOA08yZve6C71m2OutIjCR5zE3A3oIBS+YBSN1O2MqYqHoqe7SG4LvWLJLttzkFXiZKQEGWq94lenH7Ek4CEySbVuO3aM7pQqFEzyWaGTaB5TNqID3jY0pAHX7nR+9YycGaVP/EiZCpHM1d8TUxpoPQk80xlQHOplLxX/89oJ+jfuVIRxgjxki0V+IglGJI2A9IXiDOXEEMqUMLcSNqSKMjRBpSE4yy+vkkal7FyUKw+XpepVFkceTuAUzsGBa6jCPdSgDgwUPMMrvFlP1ov1bn0sWnNWNnMMf2B9/gCwspHv</latexit>

Mutual exclusion

'e
i = > 'e

t = > 'e
l = ⇤⌃tick

<latexit sha1_base64="wr1remadwb+vDSUagiyc15uqQ6s="></latexit>

• Environment properties

No change without tick

Change on tick
⇤ ((red ^�tick ! �green) ^

(green ^�tick ! �yellow) ^
(yellow ^�tick ! �red))^

<latexit sha1_base64="BghvVO0QX/aEdrkfpXjED3PtUpA="></latexit>

⇤ ((red ^�¬tick ! �red) ^
(green ^�¬tick ! �green) ^
(yellow ^�¬tick ! �yellow))

<latexit sha1_base64="AMHtYK4BS7VLLaEOAugzMvTkJwE="></latexit>
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GR(1) & Synthesis

• Given a GR(1) specification, we can
• Verify design satisfies it
• Efficiently synthesize design directly from it

• Ref. [1] contains proof synthesis procedure is “correct-by-construction”

• Synthesis tools exist for different domains[2-6]: robotic systems, hybrid 
systems, multi-agent systems, digital circuits, etc.

• Only a few generate software implementations of synthesized designs
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End-to-End Verification
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GR(1) Synthesis & End-to-End Verification

• Question: If synthesis from GR(1) specifications is “correct-by-
construction,” why care about end-to-end verification?

• Answer: Three possible sources of errors
• Theoretical “proof” of the synthesis procedure[7-8]

• Implementation of the synthesis procedure
• Translation of a synthesized design to a software implementation
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GR(1) Synthesis & End-to-End Verification

• Question: If synthesis from GR(1) specifications is “correct-by-
construction,” why care about end-to-end verification?

• Answer: Three possible sources of errors
• Theoretical “proof” of the synthesis procedure[7-8]

• Implementation of the synthesis procedure
• Translation of a synthesized design to a software implementation

• Additional answer: specification errors
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SPARK for End-to-End 
Verification of GR(1) Designs
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SPARK for End-to-End Verification of GR(1) Designs
• SPARK[9-10] is
• Programming language based on Ada
• Associated set of auto-active verification tools

• Our goal
• Translate synthesized GR(1) designs to SPARK
• Verify SPARK implementations satisfy original specifications

• Our broad approach
• Modify tool Salty[6] to generate SPARK implementations & annotations needed for 

SPARK to automatically verify implementations against specifications
• Perform synthesis & verification on examples from many sources[2-6]

• Limitations
• &XUUHQWO\ RQO\ DGGUHVV LQLWLDO 	 WUDQVLWLRQ SURSHUWLHV� ϕe

i ∧ ϕe
t → ϕs

i ∧ ϕs
t
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SPARK Implementation of GR(1) Design: Summary
• Multiple inputs wrapped in Environment record

• Multiple outputs wrapped in System record

• Synthesized design implemented as type Controller
• Has field to store state
• Has fields to store most recent input & output values (for evaluating transition 

properties with “next” operator)

• Type Controller has Move procedure that takes inputs & produces outputs

• Functions Env_Init, Env_Trans, Sys_Init, Sys_Trans to evaluate                          
a

• Function Is_Init to check whether Controller is in initial state

'e
i ,'

e
t ,'

s
i ,'

s
t

<latexit sha1_base64="TMZDo5uwRPbep7x4SCNwmQFApSI=">AAACG3icbVDLSgMxFM34rPU16tJNsAgupMxUQZdFNy4r2Ae045BJ0zY0kxmSO4Uy9D/c+CtuXCjiSnDh35i2A62tBwLnnnMvN/cEseAaHOfHWlldW9/YzG3lt3d29/btg8OajhJFWZVGIlKNgGgmuGRV4CBYI1aMhIFg9aB/O/brA6Y0j+QDDGPmhaQreYdTAkby7VJrQFTc44/M5+d4VsCs0POO9sG3C07RmQAvEzcjBZSh4ttfrXZEk5BJoIJo3XSdGLyUKOBUsFG+lWgWE9onXdY0VJKQaS+d3DbCp0Zp406kzJOAJ+r8REpCrYdhYDpDAj296I3F/7xmAp1rL+UyToBJOl3USQSGCI+Dwm2uGAUxNIRQxc1fMe0RRSiYOPMmBHfx5GVSKxXdi2Lp/rJQvsniyKFjdILOkIuuUBndoQqqIoqe0At6Q+/Ws/VqfVif09YVK5s5Qn9gff8CJzmhfQ==</latexit>
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SPARK Implementation of GR(1) Design: Proof Notes 

• Preconditions & postconditions on Move encode  

• In GR(1) designs, each state corresponds to unique set of input & output values 
• Define Type_Invariant for Controller over Boolean functions 
State_To_Input_Mapping & State_To_Output_Mapping

• This is the only thing SPARK needed to automatically prove Move postconditions

• “Ghost” code versus executable code
• Is_Init, Env_Init, Env_Trans executable so user can monitor for violations of
• Sys_Init, Sys_Trans, State_To_Input_Mapping, State_To_Output_Mapping are 

“ghost” code mainly used for proof

'e
i ^ 'e

t ! 's
i ^ 's

t
<latexit sha1_base64="54HJgh3PGOg30HyB9yZ0nA6jLoE=">AAACMHicbVDLSsNAFJ34tr6iLt0MFsFVSaqoy4ILXSpYFZoabibTduhkEmZuKiX4SW78FN0oKOLWr3Bai696YOBwzrncuSfKpDDoeU/OxOTU9Mzs3HxpYXFpecVdXTs3aa4Zr7NUpvoyAsOlULyOAiW/zDSHJJL8IuoeDvyLHtdGpOoM+xlvJtBWoiUYoJVC9yjogc464oqHggYSVEy/FaSBFu0Ogtbp9ZduxpImxNAtexVvCDpO/BEpkxFOQvc+iFOWJ1whk2BMw/cybBagUTDJb0pBbngGrAtt3rBUQcJNsxgefEO3rBLTVqrtU0iH6s+JAhJj+klkkwlgx/z1BuJ/XiPH1kGzECrLkSv2uaiVS4opHbRHY6E5Q9m3BJgW9q+UdUADQ9txyZbg/z15nJxXK/5OpXq6W67tjeqYIxtkk2wTn+yTGjkmJ6ROGLklD+SZvDh3zqPz6rx9Riec0cw6+QXn/QP4Kaq6</latexit>

'e
<latexit sha1_base64="j4EYPPeA0FwUul9bhZVBF9evQWw=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY8FLx4r2FZpQ9lsJ+3SzSbsbgol9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYjVY0A1Ci6xZbgR+JgopFEgsBOMb+d+Z4JK81g+mGmCfkSHkoecUWOlp96EqmTE+9gvV9yquwBZJ15OKpCj2S9/9QYxSyOUhgmqdddzE+NnVBnOBM5KvVRjQtmYDrFrqaQRaj9bHDwjF1YZkDBWtqQhC/X3REYjradRYDsjakZ61ZuL/3nd1IQ3fsZlkhqUbLkoTAUxMZl/TwZcITNiagllittbCRtRRZmxGZVsCN7qy+ukXat69Wrt/qrSqOdxFOEMzuESPLiGBtxBE1rAIIJneIU3RzkvzrvzsWwtOPnMKfyB8/kD8UGQcw==</latexit>
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SPARK Implementation of GR(1) Design: Traffic Light

• Let’s briefly walk through parts of synthesized traffic light design in SPARK

• Omit Salty-formatted specifications & stick with mathematical representation

• Briefly note Salty has features that make GR(1) specifications easier to write
• Use of enumeration & integer types for inputs & outputs
• Arithmetic operators in specifications with integer types
• User-defined macros

• Enumeration & integer types retained in synthesized SPARK implementations



package TrafficLight with SPARK_Mode is
type Controller is private;

type System is record
red: Boolean; yellow: Boolean; green: Boolean;

end record;

function Is_Init(C: Controller) return Boolean;
function Env_Init(tick: Boolean) return Boolean is (True);
function Sys_Init(S: System)     return Boolean is (S.red and not S.yellow and not S.green) with Ghost;

function Env_Trans(C: Controller; tick: Boolean) return Boolean
with Pre => (not Is_Init(C));

function Sys_Trans(C: Controller; tick: Boolean; S: System) return Boolean
with Pre => (not Is_Init(C)), Ghost;

procedure Move(C: in out Controller; tick: in Boolean; S: out System)
with Pre =>            (if Is_Init(C) then Env_Init(tick) else Env_Trans(C, tick)),

Contract_Cases => (Is_Init(C) => Sys_Init(S) and (not Is_Init(C)),
others => Sys_Trans(C'Old, tick, S) and (not Is_Init(C)));

private
subtype State_Num is Integer range 1 .. 7;
function State_To_Input_Mapping(C: Controller) return Boolean with Ghost;
function State_To_Output_Mapping(C: Controller) return Boolean with Ghost;

type Controller is record
State: State_Num := State_Num'Last; tick: Boolean; S: System;

end record;
with Type_Invariant => (State_To_Input_Mapping(Controller) and State_To_Output_Mapping(Controller));

end TrafficLight;

SPARK package specification for the synthesized traffic light design



procedure Move(C: in out Controller; tick: in Boolean; S: out System) is
begin
case C.State is
when 1 =>
case tick is
when False =>
C.State := 1;
C.S.red := True; C.S.yellow := False; C.S.green := False;

when True =>
C.State := 3;
C.S.red := False; C.S.yellow := False; C.S.green := True;

when others =>
raise Program_Error;

end case;
... 

when 7 =>
case tick is
when False =>
C.State := 1;
C.S.red := True; C.S.yellow := False; C.S.green := False;

when True =>
C.State := 2;
C.S.red := True; C.S.yellow := False; C.S.green := False;

when others =>
raise Program_Error;

end case;
end case;
C.tick := tick; S := C.S;

end Move;

SPARK body for the Move procedure for the synthesized traffic light design
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Case Study: 
Multi-Vehicle Controller
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Case Study: Multi-Vehicle Controller
• Team of “friendly”/system unmanned air vehicles (UAVs) evading “enemy”/environment UAV

• One friendly UAV is a “Very Important Person” or VIP
• Two friendly “surveillance” UAVs must “protect” & “escort” the VIP

• Map is divided into five regions

• “Protection”: VIP is never in the same region as the enemy

• “Escorting”: VIP can only move
• Into region previously visited/ 

surveilled by a surveillance UAV
• Surveillance UAV moves with it

• Certain regions only reachable 
from Region 3

• Enemy UAV must infinitely often 
leave certain regions

• VIP must infinitely often move to 
certain regions
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Specification Inputs & Outputs

loce � HQHP\
ORFDWLRQ

sri � ORFDWLRQ i
VXUYHLOOHG

Inputs

locv � 9,3 ORFDWLRQ

locsi � 6XUYHLOODQFH
8$9 i
ORFDWLRQ

vTracki � 6XUYHLOODQFH
8$9 i LV
WUDFNLQJ 9,3

Outputs
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Environment Specifications

loce � HQHP\
ORFDWLRQ

sri � ORFDWLRQ i
VXUYHLOOHG

Inputs

locv � 9,3 ORFDWLRQ

locsi � 6XUYHLOODQFH
8$9 i
ORFDWLRQ

vTracki � 6XUYHLOODQFH
8$9 i LV
WUDFNLQJ 9,3

Outputs
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System Specifications

loce � HQHP\
ORFDWLRQ

sri � ORFDWLRQ i
VXUYHLOOHG

Inputs

locv � 9,3 ORFDWLRQ

locsi � 6XUYHLOODQFH
8$9 i
ORFDWLRQ

vTracki � 6XUYHLOODQFH
8$9 i LV
WUDFNLQJ 9,3

Outputs
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Case Study: Results
• Previously synthesized Python controller, interfaced it to OpenUxAS[11-12] to 

implement low-level UAV behaviors, simulated in OpenAMASE[13]

• Implementation in SPARK found undetected issue!

•

•

•
•
•
•
• Salty now produces warning in this case

• In Python implementation, result was states with no successors, leading to 
runtime errors after reaching those states

ϕe
t VKRXOG KDYH WHUPV RI WKH IRUP !© ¬p� QRW !¬p

,VVXH ZDV SDUW RI VSHFLILFDWLRQ IRU ϕe
t � !¬(loce = i) IRU i = {1, 2}

6SHFLILFDWLRQ VKRXOG EH ZULWWHQ ϕe
t � !© ¬(loce = i) IRU i = {1, 2}

5HDVRQ� !¬p QRW WKH VDPH DV !© ¬p
,I HQYLURQPHQW FKRRVHV p IRU QH[W WLPH VWHS� GRHV QRW YLRODWH!¬p LQ FXUUHQW WLPH VWHS
+RZHYHU� LW QHFHVVDULO\ YLRODWHV !¬p LQ QH[W WLPH VWHS
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Results
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SPARK Implementation of GR(1) Design: Summary
• Pulled 40 examples from GR(1) repos[2-6]: Salty, Slugs, Anzu, TuLiP, LTLMoP
• Plot shows CPU time for 33 examples with up to 4000 controller transitions

• 7 examples with more transitions required too much memory (not plotted)
• 2 examples had errors because of unusually large specifications
• 2 examples only partially proven: 

• One with ~2000 transitions
• One with Integer terms & arithmetic operators in specification

101 102 103 104

Number of Transitions

100

101

102

103

104

T
im

e
 t
o
 P

ro
ve

 (
s)

Proven
Partial
Error

• Found the same type of specification error as UAV case study in one Anzu example
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Summary
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Lessons Learned
•

• Case statement more efficient proof-wise than Map for controller logic
• SPARK Maps have complete axiomatization, adds verification conditions

• During initialization, must prove each added key/input value not already contained
• After initialization, must prove every possible transition covered

• Case statements automatically imply these things

• Case statements have some issues:
• Large/verbose
• Underlying prover must reason about all alternatives at once
• Still better than Map in our application, but maybe not for others

• Some examples had no inputs, vacuous precondition Pre => True
• Took abnormally long time to verify
• Clearly could be encoded more efficiently

´(QG�WR�HQGµ 63$5. YHULILFDWLRQ IRXQG LVVXH GXH WR !¬p YV� !© ¬p
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Future Work

• Investigate liveness properties
• SPARK hypothetically can solve required bounded model checking problem
• Other option: annotate code & use external model checker

• Look at decomposition of Move procedure to handle larger examples

• Fix encoding of controllers with no inputs to speed up proof

• Investigate why example with Integer types & arithmetic operators 
takes longer than expected to prove in SPARK
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