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Program Synthesis For Performance

A⊗ In

__m128i t3  = _mm_unpacklo_epi16(X[0], X[1]); 
__m128i t4  = _mm_unpackhi_epi16(X[0], X[1]);
__m128i t7  = _mm_unpacklo_epi16(X[2], X[3]);
__m128i t8  = _mm_unpackhi_epi16(X[2], X[3]);
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Scientific Computing

Simulations: Physics, Biology, …

Embedded Computing

Signal processing, communication, …

Audio/Image/Video processing, …

Mainstream Computing

Unlimited need for performance

Many applications, but relatively few 
(~100 to 1000) components:
 Matrix multiplication
 Filters
 Fourier transform
 Coding/decoding
 Geometric transformations
 Graph algorithms
 …

Fast components → fast applications
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Algorithms

Software

Compilers

Microarchitecture

Software Performance: 
Traditional Approach

optimal op count

performance optimization

How well does that work?

Compilers
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Straightforward C (1 KB)

Fastest program (1 MB)

 Same opcount
 Best compiler

12x12x

35x35x

...
t282 = _mm_addsub_ps(t268, U247);
t283 = _mm_add_ps(t282, _mm_addsub_ps(U247, _mm_shuffle_ps(t275, t275, _MM_SHUFFLE(2, 3, 0, 1))));
t284 = _mm_add_ps(t282, _mm_addsub_ps(U247, _mm_sub_ps(_mm_setzero_ps(), ………)
s217 = _mm_addsub_ps(t270, U247);
s218 = _mm_addsub_ps(_mm_mul_ps(t277, _mm_set1_ps((‐0.70710678118654757))), ………)
t285 = _mm_add_ps(s217, s218);
t286 = _mm_sub_ps(s217, s218);
s219 = _mm_shuffle_ps(t278, t280, _MM_SHUFFLE(1, 0, 1, 0));
s220 = _mm_shuffle_ps(t278, t280, _MM_SHUFFLE(3, 2, 3, 2));
s221 = _mm_shuffle_ps(t283, t285, _MM_SHUFFLE(1, 0, 1, 0));
...

...
t282 = _mm_addsub_ps(t268, U247);
t283 = _mm_add_ps(t282, _mm_addsub_ps(U247, _mm_shuffle_ps(t275, t275, _MM_SHUFFLE(2, 3, 0, 1))));
t284 = _mm_add_ps(t282, _mm_addsub_ps(U247, _mm_sub_ps(_mm_setzero_ps(), ………)
s217 = _mm_addsub_ps(t270, U247);
s218 = _mm_addsub_ps(_mm_mul_ps(t277, _mm_set1_ps((‐0.70710678118654757))), ………)
t285 = _mm_add_ps(s217, s218);
t286 = _mm_sub_ps(s217, s218);
s219 = _mm_shuffle_ps(t278, t280, _MM_SHUFFLE(1, 0, 1, 0));
s220 = _mm_shuffle_ps(t278, t280, _MM_SHUFFLE(3, 2, 3, 2));
s221 = _mm_shuffle_ps(t283, t285, _MM_SHUFFLE(1, 0, 1, 0));
...
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The Problem Is Everywhere
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Eigenvalues

LU factorization

Optimal binary search organization

Image color conversions

Image geometry transformations

Enclosing ball of points

Metropolis algorithm, Monte Carlo

Seam carving

SURF feature detection

Submodular function optimization

Graph cuts, Edmond-Karps Algorithm

Gaussian filter

Black Scholes option pricing 

Disparity map refinement 

Singular-value decomposition

Mean shift algorithm for segmentation

Stencil computations

Displacement based algorithms

Motion estimation

Multiresolution classifier

Kalman filter

Object detection 

IIR filters

Arithmetic for large numbers

Optimal binary search organization

Software defined radio

Shortest path problem

Feature set for biomedical imaging 

Biometrics identification



© Markus Püschel, 2011

© Markus Püschel
Computer Science

“Theorem:” 
Let f be a mathematical function to be implemented 
on a state-of-the-art processor. Then

Performance of optimal implementation of f
Performance of straightforward implementation of f

≈ 
10–100
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DFT: Analysis

 Compiler doesn’t do the job

 Doing it by hand: requires guru knowledge

0

5

10

15

20

25

30

35

40

16 64 256 1k 4k 16k 64k 256k 1M

Discrete Fourier transform (single precision) on Intel Core i7 (4 cores)
Performance [Gflop/s]

3x

3x

locality and code style

vector instructions

multiple cores

5x
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Algorithms

Software

Compilers

Microarchitecture

performance

Algorithms

Software

Compilers

Microarchitecture

Compilers

Performance is different than other software quality features
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optimize the same functionality for every new processor and for 
every new processor generation
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Organization
 Software performance issues

 Synthesis of fast mathematical libraries

 Some benchmarks

 Conclusions
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Goal:
Program synthesis of high performance components

“click”
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Viterbi Decoder

DFT IP Cores

@ www.spiral.net
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Possible Approach:
Capturing algorithm knowledge:
Domain-specific languages (DSLs)

Structural optimization:
Rewriting systems

High performance code style:
Compiler

Decision making for choices:
Machine learning
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Linear Transforms

Output

T ·
Input

Example:
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Algorithms: Example FFT, n = 4
Fast Fourier transform (FFT):

Description with matrix algebra (SPL)

Data flow graph
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Decomposition Rules (>200 for >40 Transforms)
DFTn → P>k/2,2m

³
DFT2m⊕

³
Ik/2−1 ⊗i C2m rDFT2m(i/k)

´´ ³
RDFT0k⊗Im

´
, k even,¯̄̄̄

¯̄̄̄
¯
RDFTn
RDFT0n
DHTn
DHT0n

¯̄̄̄
¯̄̄̄
¯→ (P>k/2,m ⊗ I2)

⎛⎜⎜⎜⎝
¯̄̄̄
¯̄̄̄
¯
RDFT2m
RDFT02m
DHT2m
DHT02m

¯̄̄̄
¯̄̄̄
¯⊕

⎛⎜⎜⎜⎝Ik/2−1 ⊗i D2m
¯̄̄̄
¯̄̄̄
¯
rDFT2m(i/k)
rDFT2m(i/k)
rDHT2m(i/k)
rDHT2m(i/k)

¯̄̄̄
¯̄̄̄
¯

⎞⎟⎟⎟⎠
⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝
¯̄̄̄
¯̄̄̄
¯
RDFT0k
RDFT0k
DHT0k
DHT0k

¯̄̄̄
¯̄̄̄
¯⊗ Im

⎞⎟⎟⎟⎠ , k even,

¯̄̄̄
¯rDFT2n(u)rDHT2n(u)

¯̄̄̄
¯→ L2nm

Ã
Ik ⊗i

¯̄̄̄
¯rDFT2m((i+ u)/k)
rDHT2m((i+ u)/k)

¯̄̄̄
¯
! Ã¯̄̄̄

¯rDFT2k(u)rDHT2k(u)

¯̄̄̄
¯⊗ Im

!
,

RDFT-3n → (Q>k/2,m ⊗ I2) (Ik ⊗i rDFT2m)(i+1/2)/k)) (RDFT-3k⊗Im) , k even,

DCT-2n → P>k/2,2m
³
DCT-22mK

2m
2 ⊕

³
Ik/2−1 ⊗N2mRDFT-3>2m

´´
Bn(L

n/2
k/2

⊗ I2)(Im ⊗RDFT0k)Qm/2,k,
DCT-3n → DCT-2>n ,

DCT-4n → Q>k/2,2m
³
Ik/2 ⊗N2mRDFT-3>2m

´
B0n(L

n/2
k/2

⊗ I2)(Im ⊗RDFT-3k)Qm/2,k.
DFTn → (DFTk⊗ Im)Tnm(Ik⊗DFTm) Lnk, n = km

DFTn → Pn(DFTk⊗DFTm)Qn, n = km, gcd(k,m) = 1

DFTp → RTp (I1⊕DFTp−1)Dp(I1⊕DFTp−1)Rp, p prime

DCT-3n → (Im⊕Jm) Lnm(DCT-3m(1/4)⊕DCT-3m(3/4))

·(F2⊗ Im)
"
Im 0⊕− Jm−1

1√
2
(I1⊕2 Im)

#
, n = 2m

DCT-4n → SnDCT-2n diag0≤k<n(1/(2 cos((2k+ 1)π/4n)))

IMDCT2m → (Jm⊕ Im⊕ Im⊕ Jm)
ÃÃ"

1
−1

#
⊗ Im

!
⊕
Ã"
−1
−1

#
⊗ Im

!!
J2mDCT-42m

WHT2k →
tY

i=1

(I
2k1+···+ki−1 ⊗WHT

2ki
⊗ I

2
ki+1+···+kt), k = k1 + · · ·+ kt

DFT2 → F2

DCT-22 → diag(1,1/
√
2)F2

DCT-42 → J2R13π/8

Rules = algorithm knowledge
(≈100 journal papers)
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SPL to Code

Gives reasonable, straightforward code
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Program Generation in Spiral
Transform

C Program

Algorithm
(SPL)

Algorithm
(Σ-SPL)

Decomposition rules (algorithm knowledge)

void sub(double *y, double *x) {
double f0, f1, f2, f3, f4, f7, f8, f10, f11;

f0 = x[0] ‐ x[3];
f1 = x[0] + x[3];
f2 = x[1] ‐ x[2];
f3 = x[1] + x[2];
f4 = f1 ‐ f3;
y[0] = f1 + f3;
y[2] = 0.7071067811865476 * f4;
f7 = 0.9238795325112867 * f0;

< more lines>

parallelization
vectorization

locality 
optimization

code style
code level 
optimization
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SPL to Shared Memory Code: Basic Idea
“Good” SPL structures

Rewriting: Bad structures              good structures

A
A
A
A

x y

Processor 0
Processor 1

Processor 2
Processor 3

y =
³
Ip⊗A

´
x

y =
³
P ⊗ Iμ

´
x

x

#processors = p = 4

y

cache block size = μ = 2
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DFTmn| {z }
smp(p,μ)

→
³
(DFTm⊗ In)Tmnn (Im⊗DFTn) Lmnm

´
| {z }

smp(p,μ)

. . .

→
³
DFTm⊗ In

´
| {z }

smp(p,μ)

Tmnn| {z }
smp(p,μ)

³
Im⊗DFTn

´
| {z }

smp(p,μ)

Lnmm| {z }
smp(p,μ)

. . .

→
³
(Lmpm ⊗ In/pμ)⊗ Iμ

´³
Ip⊗(DFTm⊗ In/p)

´³
(Lmpp ⊗ In/pμ)⊗ Iμ

´
⎛⎝p−1M
i=0

kT
mn,i
n

⎞⎠µ Ip⊗(Im/p⊗DFTn)´³ Ip⊗Lmn/pm/p

´³
(Lpnp ⊗ Im/pμ)⊗ Iμ

´

Example: SMP Parallelization
Franchetti et al., 2006

load-balanced, no false sharing

One rewriting system for every platform paradigm:
SIMD, distributed memory parallelism, FPGA, …
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Challenge: Recursive Composition

void dft(int n, cpx *y, cpx *x) {

16 = 4 x 4

(DFTk⊗ Im)Tkmm (Ik⊗DFTm)Lkmk
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Challenge: Recursive Composition

for (int i=0; i < k; ++i)
dft_strided(m, k, t + m*i, x + m*i);

for (int i=0; i < m; ++i)
dft_scaled(k, m, precomp_d[i], y + i, t + i);

16 = 4 x 4

(DFTk⊗ Im)Tkmm (Ik⊗DFTm)Lkmk

void dft(int n, cpx *y, cpx *x) {
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Challenge: Recursive Composition

void dft(int n, cpx *y, cpx *x) {
if (use_dft_base_case(n))

dft_bc(n, y, x);
else {

int k = choose_dft_radix(n);
for (int i=0; i < k; ++i)

dft_strided(m, k, t + m*i, x + m*i);
for (int i=0; i < m; ++i)

dft_scaled(k, m, precomp_d[i], y + i, t + i);
}

}

16 = 4 x 4

(DFTk⊗ Im)Tkmm (Ik⊗DFTm)Lkmk

How to discover 
these DFT variants?
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SPL : Basic Idea
Four additional matrix constructs: , G, S, Perm
  (sum)     explicit loop
 Gf (gather) load data with index mapping f
 Sf (scatter) store data with index mapping f
 Permf permute data with the index mapping f

Example:
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Find Recursion Step Closure
Voronenko, 2008

Repeat until closure
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Recursion Step Closure: Examples

DFT: scalar code

DFT: full-fledged (vectorized and parallel code)
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Installation
configure/make

Use
d = dft(n)
d(x,y)

Online tuning Offline tuning

Machine learning (e.g., C4.5)

for a few n: search 
learn decision trees

Installation
configure/make

Use
d = dft(n)
d(x,y)

Search for fastest 
recursion
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Organization
 Software performance issues

 Synthesis of fast mathematical libraries

 Some benchmarks

 Conclusions
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It Really Works

 Many transforms, often the generated code is best

 Vector, shared/distributed memory parallel, FPGAs

5MB vectorized, threaded, 
general-size, adaptive library

DFT on Sandybridge (3.3 GHz, 4 Cores, AVX)
Performance [Gflop/s]

Spiral-generated

FFTW 
3.3b1

MKL 
10.3.2

IPP 7.0.2
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Computer generated Functions for Intel IPP 6.0

3984 C functions
1M lines of code

Transforms: DFT (fwd+inv), RDFT (fwd+inv), DCT2, DCT3, DCT4, DHT, WHT
Sizes: 2–64 (DFT, RDFT, DHT); 2-powers (DCTs, WHT)
Precision: single, double
Data type: scalar, SSE, AVX (DFT, DCT), LRB (DFT)

Computer generated

3984 C functions
1M lines of code

Transforms: DFT (fwd+inv), RDFT (fwd+inv), DCT2, DCT3, DCT4, DHT, WHT
Sizes: 2–64 (DFT, RDFT, DHT); 2-powers (DCTs, WHT)
Precision: single, double
Data type: scalar, SSE, AVX (DFT, DCT), LRB (DFT)

Computer generated
Results: SpiralGen Inc.
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Very Large Scale: BG/P

6.4 Tflop/s

32 racks
= 32K node cards 
= 128K cores
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Related Work
 Program generators for performance
 FFTW codelet generator (Frigo)
 Flame (van de Geijn, Quintana-Orti, Bientinesi, …)
 Tensor contraction engine (Baumgartner, Sadayappan, Ramanujan, …)
 cvxgen (Mattingley, Boyd)
 PetaBricks (Ansel, Amarasinghe, …)
 Spiral

 Metaprogramming
 Eigen
 Pochoir

 Autotuning
 ATLAS/PhiPAC (Whaley, Bilmes, Demmel, Dongarra, …) 
 FFTW adaptive library (Frigo, Johnson)
 OSKI (Vuduc et al.)
 Adaptive sorting (Li et al.)
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Organization
 Software performance issues

 Synthesis of fast mathematical libraries

 Some benchmarks

 Conclusions
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Algorithms

Software

Compilers

Microarchitecture

performance

Algorithms

Software

Compilers

Microarchitecture

Compilers

We need tools aiding the programmer or compiler 
in achieving performance
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Spiral

Program synthesis for performance

Principles

Capturing algorithm knowledge:
DSLs
Structural optimization:
Rewriting
Decision making:
Search and learning

More information: www.spiral.net 

“click”


